A recently proposed algorithm to obtain global solutions of the double confluent Heun equation is applied to solve the quantum mechanical problem of finding the energies and wave functions of a particle bound in a potential sum of a repulsive supersingular term, A r −4 , plus an attractive Coulombian one, −Z r −1 . The existence of exact algebraic solutions for certain values of A is discussed.
Supersingular potentials, i. e., potentials presenting at the origin a singularity of the type r −α , with α > 2, were firstly discussed in the context of collision of particles [1] [2] [3] [4] [5] [6] , the main issue being the adequate definition of the S matrix. On the other hand, concerned with bound states, a considerable interest on repulsive singular potentials added to an attractive regular one was arisen by the seminal paper of Klauder [7] , where the today known as "Klauder phenomenon" was reported.
As shown by Detwiler and Klauder [8] , supersingular potentials cannot be treated by conventional WKB or perturbative methods. In view of this, a great diversity of approximate methods have been suggested. Extensive lists of articles applying those methods to supersingular potentials can be found in recent papers by Saad, Hall and Katatbeh [9] and by Liverts and Mandelzweig [10] .
The validity of an approximate method can be inferred from comparison of its results with those obtained with an exact method. Up to now, direct numerical integration of the Schrödinger equation has been the only "exact" method to compare with. Obviously, an algebraic exact method would be preferable.
In order to better elucidate the effect of the supersingular potential on the energies of a particle bound in an attractive potential, it is much safer to choose for this one an exactly solvable form. For this reason, the attractive part of the potential has been taken, in most cases, to be a harmonic oscillator or a Coulombian well. Nevertheless, even in those simple cases, the resulting Schrödinger equation presents two irregular singularities, one at the origin and the other at infinity, and solving it requires to deal with the non-trivial issue of connection between their singular points.
The problem of connecting singular points of a differential equation has been considered by several authors. Most of them [11] [12] [13] [14] refer to a differential equation for which the origin is an ordinary or a regular singular point and the infinity is an irregular singular one. As far as we know, only the procedure developed by Naundorf [15] becomes applicable also to the case of both the origin and the infinity being irregular singular points. In a recent paper [16] , an algorithm, based on a modification of the Naundorf's procedure which improves notably its performance, was presented and applied to find global solutions of the double confluent Heun equation, a simple case of differential equation with two irregular singular points. The purpose of this note is to show the usefulness of that algorithm to obtain exact solutions of the Schrödinger equation with supersingular potentials and, therefore, to test the quality of the different approximate methods proposed to deal with them. We concentrate on a specific potential, namely an attractive Coulomb potential to which a singular repulsive term has been added, whose discrete energy levels have been studied by Aguilera-Navarro et al [17] by using variational methods.
The quantum mechanical problem to be solved is that of a particle of mass m and angular momentumhl bound in a spherically symmetric tridimensional potential whose radial dependence is given by
Here r 0 represents an arbitrary length fixing the scale. The factorh 2 /2m in front of the parenthesis guarantees that the parameters A and Z, that represent the intensities of the supersingular and the Coulomb parts, are dimensionless. The energy of the particle will be denoted bȳ
where E is also dimensionless. We are here interested on the bound states of the particle. In other words, we are looking for values of the parameter E < 0 for which the Schrödinger equation admits normalizable solutions. This requires the wave function to be regular also at the origin and at infinity, the two singular points of the differential equation.
2
The changes of independent and dependent variables r/r 0 = z and
turn the Schrödinger equation for the radial wave function,
into a particular case of the double confluent Heun equation [18] 
with parameters
The algorithm described in Ref. [16] deals with the function
which turns out to be proportional to the reduced radial wave function,
and satisfies the differential equation
Now it is immediate to use our method to determine the eigenvalues E and the (reduced) eigenfunctions w. The differential equation (8) admits two Floquet solutions whose Laurent expansions are
the coefficients c n,j obeying a fourth order recurrence relation,
The requirement of those expansions to be convergent, i. e., the condition
fixes, for given values of the parameters A, l, Z, and E, each one of the indices ν j , except for addition of an arbitrary integer accompanied of a relabeling of the coefficients c n,j . Any solution of (8) can then be written as a linear combination
of the two Floquet solutions. To be acceptable from the physical point of view, the behaviour of that combination at the singular points must be
with exponents
Although the combination (11) contains two arbitrary coefficients, ζ 1 and ζ 2 , the homogeneity of the differential equation reduces to only one the number of effective degrees of freedom of that combination. Then, for given A, l and Z, both conditions (12) and (13) are satisfied only for the values of E corresponding to bound states.
We have applied our algorithm [16] to the determination of the energy of the lowest states bound in the potential (1) for the set of values of the parameter A considered by Aguilera-Navarro et al [17] . The Coulombian parameter Z has been taken, following those authors, equal to 1. The results corresponding to any other value of Z > 0, for instanceẐ, can be inferred from those shown in Table 1 by noting that a trivial change of scale transforms Eq. (8), with Z = 1, into
Besides the values of the energy, our algorithm provides with the indices ν j and the coefficients c n,j of the Floquet solutions and with the values of the coefficients ζ 1 and ζ 2 that make the linear combination (11) to be well behaved at the singular points, i. e., the (to be normalized) solution of the physical problem. In the neighbourhood of the singular points, the wave function should be evaluated by making use of its asymptotic expansions
where the first coefficients a 0 and b 0 are given by our algorithm and the rest of them are obtained from the recurrence relations
As an example, let us consider the l = 0 ground state in a potential of intensity A = 10. Our algorithm gives for the energy the value E = −0.093111277969. Table 1 : Energies E n,l of the ground (n = 0), first excited (n = 1), and second excited (n = 2) states of a particle of angular momentum l = 0, 1 or 2 in the potential given by Eq. (1) For the indices of the Floquet solutions we obtain pure imaginary values, ν 1 = −ν 2 = 0.918988880508 i. So, besides of opposite, they turn to be complex conjugate to each other. In this case, since the parameters of the potential are real, the coefficients c n,j of the Laurent expansions (9) of the two Floquet solutions are complex conjugate, c n,2 = c n,1 , and w 2 (z) = w 1 (z) for real z. To give an idea of the magnitude of the coefficients of the Laurent expansion, we report in Table 2 some of those of w 1 normalized in such a way that c n,0 = 1. A physically acceptable solution results if we take a linear combination as in (11) with
The coefficients a 0 and b 0 of the asymptotic expansions (14) and (15) are then
In the above discussed example, the indices ν j of the Floquet solutions happen to be pure imaginary. This is not always the case. We report, in Table  3 , those indices for the most tightly bound states, with different angular momenta, in potentials corresponding to several values of A. It is interesting to notice that, given l, the indices ν j vanish for certain values of A. In these cases, the wave function could be written in the closed form
where v(z) represents a series of integer powers of z, let us say
The question arises if this series could in fact turn to be a polynomial for any values of A, that is, if w(z) is a quasi-polynomial solution, in the terminology of Schmidt and Wolf [18] . Comparison of (18) with (14) and (15) makes evident that µ should be an integer, for instance p. Accordingly, the energy parameter would be
whereas the parameter A should be such that the coefficients ξ j in (19) vanish for j ≥ p. Obviously, the ξ j are related to the coefficients a m of the asymptotic expansion (14) by
and to the b m of (15) by The relations
following immediately from Eq. (21), allow one to write explicit expressions of the ξ j in terms of β. Substitution of these expressions in the relation
following also from (21), produces a polynomial equation for β whose solution provides the values of A = β 2 for which the wave function is given by (18) , v(z) being a polynomial of degree p − 1. Table 4 shows several sets of values of A and l for which the energy E and the wave function w of a (ground or excited) state admit such particularly simple expressions. Solutions of that kind, i. e., quasi-polynomial solutions, are especially interesting to test the accuracy of the different approximate methods. The same results are obtained starting from Eq. (22) instead of (21). The relations defining the ξ j are then 
Notice that this equation expresses the fact that ξ p , defined as in (25) with k = p, vanishes. On the other hand, substitution of (18) and (19) in the differential equation (8) 
Therefore, since 2α = Z/p, all ξ j with j > p vanish if ξ p = 0. By the way, the last recurrence relation provides a third procedure to determine the values of A for which a quasi-polynomial solution exists: start with ξ 0 and ξ 1 as given by (25), use the recurrence (27) to write ξ p in terms of β, and then solve the equation ξ p = 0. The results shown above have been obtained by using double precision FOR-TRAN codes. Additional digits in the results would require higher precision arithmetic. This is especially necessary in the case of excited states, due to the progressive decreasing of the energy gap between consecutive levels.
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